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ratoin-Eleinfeld-n ' Theorem

Although nueclear involutions cannot be so closely charac-

o .I.-". r

s

terized as qchiar~1wvolu lons, ws can precisely characterize

thoss whose norme are all irvertible or zero, Allterndtive al-

gabras with suech involukions 1ﬂf

%fﬂ&-lmwﬁrrau_ In=EBEartad in

coordinatizing Jordar algebras.

{Herstein-Xleinfzld-0Osharn Theorem) If D is a semiprime wuribal
alternative zlgebra with auslear involukbion having an ample
subspans jo of the nucleus all of whose nondergs slements arc
invertible, then either
(I) D is a direct sum A 2 a® of anti-isomorphic
associative division algebras under the axchangs
involution, ang nu = {5 @ 6*]6 € A} = Bym(D,*).
(II}) ™ is an associative division ring A wilth iaveo-

lulbica and L, an ample subspace |

I

]

split guaternion algebra M, () over its

=
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center § with stardard involutiop aned DCI = 1.
(IV) D is a Cayley alegshbra ¢ over its center § with

standard invelution and DD = 0.

Proof, We bagin by showing I is actually #-simple, not
rerely sepiprime. 1f B < T weare a proper %-ideal it couldn't
contain invertible elaments, =0 B M L, =10. For b € B and
¥ € D w2 have nib) = bh*, t{hx) = hx + Q *b* € B FIDO since 1

is a #+-ideal ans DD containg all norms and traeces.
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(5.2) n(z) = +{z0) = g =Dz = gD is trivis] ¥-ideal,

We have z* = -y gince £(z) =0, s0 2y = wr, from tzx) = 0,

This shows ps = 2D i s—invarisznt. It is a left ideal since
= {mFy) o+ ALARY 2 nlx,ely = Eim®ly = 0 ahows ®{zy) = ol el

Similarly il jis right, and it is trivial because (z zD) (bz) =

%

2D7% = z(zDp") = -z{z*Dz} = —u{zJDZ = 0, Zf D iz Semiprime thics

First assume D is not simple, =0 it haz = Propexr ideal 4.
Sinee & + g% 33 % nonzero #-ideal, by wrskmplicity & + A% = O
since AMYA* is 4 #=ideg] propary contained in DA Y A% = 0 by
pplicity, Thus D = 4 B 4% . Hera EVery symmetric slement
d B 8% 15 35 trzose, o HG = H(%@,*}. The fact that & © 3% for
d F 0 iz invertib]g end belongs ke ke nacleus of D forces )
to be invertinle and in the nucleus OF Ay Te A 18 a8 H8S00ig-
tive division algebrda. This is Case 1,

From now cﬁ WE assuma D oisg simple, nok Just *=simple. Then
iks ecanter g 4ie a field; if ﬂﬁ Cznotes the s—-ganter {the sub-
field of g fixed by *j then D Nay be regarded as zp alagcslbos
with involutian over ﬂD .i
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If vie define ni{x) = xx*, mix) = %% we have n{x)x = xx*x = =mix),
g0 n(x],m{x} € D are either both zeroc or hoth invertible. If
they are both invertible x has left and right inverses, hence
is Invertible, while if they are both zero x cannot be invertible,
=20

(8.3 n{z} = ¢ -:;E.—"_; mizg) = D&z 15 not invertibles,
The releations nixy) = =n{ylx*, mxy) = v*mix}y (cverything takes
place in the assoelalive subalgebra generated by ®,v,H) show

] ]

that if n{z) = 0 then n(xz) = m(zx) = 0 Ffor any x. In view of

(&.4) n{z) = 0 = nlxz) = nizx) = ¢ (x & n.
How since D is nob a division algebra we have n{z) = 0 for
some Z 7 0. By l::fg.2] Elox) # 0 for soms x1, 50 stbdedieal_foa
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b2 4) since & 5 inval = 5 P
by={2.4) since e, B involva a Tantor.2,2%; therefore [

£ {a%ng g*};;fﬁb* = e+ L)e¥ = lo¥ = e* and«
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wner%;e_,ez are arihogonal umﬂqxﬁﬁmiaﬂbgzﬁiez_ahaai_; .

L I’r

oo el Ol o e o |

ﬁ e T T o 0. 'r

We are trying to prove tracss and norms lis in . . Sino
s o

]

-i...g_;":'-'- r'-|| "':'—".i-'-!;'-'.' Svaro e s e gl ey B Low 0 opm ™ R L e o r
ilraad ruclear and symeetric, we noed only show thay

commule wWith I, If Lhey commute will the Paires spacas D?E’Dzl

than (gince they are nuclezar) they will cemmute with the products
= l'_‘ o T |_} — Tawr SR E T E 1sr1 4 3 I 3 " £
Dll “lzTE;f 20 Dﬁlnlz by Intercornectivity f;q -5 {remepber
2 1g slmpla), and therefore with all afF D = D + L. + 0
gL T Bpy Ty Dy

Butoany clansant o € D commutes with D,, = =be* since in the

assooiative subalgebra gonerated by e,x,and & & N we have
. L)

roos = 4 - PR - s - L .
olane®) \2xet) o = cexe* + extefn = (e + o%)eaxaF o px¥atole 4+ oF)

= poavyedt® L pgwFEofean - {"" 2 e R g b 5
e FoRHTIZROLSY = etosx + MAatgred o= ) oderes cetixle®*, a%ce,

liz in 2b e#* = e*D_ e & D1 {elenents of norm zexel = 0.



Egiﬁ Exerciscs

2,1 Show that any #-simple allernative algebra A is either simple

algzbras under the exchange involution. If * is nuclear, show

E e If Z, ;% _,;% ara the glements withont lefh, right, or tworsided
inverses (A unital, * nucliear, nonzero elsments of DG inver—
tibvle) show E = = E;r «» Deduce 7F = 8,x2 & 2,8 % Tar
all ®x € D. I Z + 7 4 show % is a proper *-ideal. TF
&+ A Y show e + ef* = 1 for e & .

2,3 T X = ¢, + &, wherg ei = e, (* nuclear, nonsero clements of
D inveritible) show DF. = D ) o= ¢ ar = i
s i i Ez,t{Dzll a , and [t(D) ’TJJ_E] .
If D is simple deduce t(D) ¢ Ci(D).

L B 3 _ |
4.4 If D, %+ are as in 43 show svery norm nix) = xx* of = £ 0=
8] + 12 + is actually a trace k(v roE .
Dyy + D, 51 D, . uelly & trace L(y) of vy & D) 4
2oh I£ D, # are z3 in 3% show Dii are division algebras directly,

and zlso by showing Dii = eiﬁh@j » Conelude from the Capacity

Twe Theorem that D o= M. (A) for an asscoglialbive division a

2
gebra, or b = T is a Cayley algebra over £I, Argus 4 = Q so
-]
n = I—iziﬂj is &plit quaternion. Show I = ﬂu in thesc cases =zo
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